The dynamics of perturbations around sinks and sources of traveling waves (TW) is studied in the cubic-quintic Ginzburg-Landau equation from an analytical point of view. Perturbations generically propagate in a direction opposite to the TW. Thus, a sink of TW is a source of perturbations and vice versa. For small values of time we predict there is a lower bound for the group velocity. For large values of time we predict the asymptotic value of the group velocity of the wave packet. Both predictions are in good agreement with direct numerical simulations.
Introduction
One of the most important achievements in nonlinear science has been the discovery of solitons by Zabusky and Kruskal in the Korteweg-deVries equation [Zabusky & Kruskal, 1965] . Since then the study of solitons has been a very active research field because of its application in diverse systems like plasmas, atmospheric physics, superfluidity, nonlinear optics, and Bose-Einstein condensates. Solitons have also been found in other completely integrable equations such as the sine-Gordon equation, and the nonlinear Schrödinger equation (NLSE) [Remoissenet, 1999] . However, solutions sharing at least some of the properties with those prototype systems, like preserving their shape upon interaction, also exist for nonintegrable systems, either Hamiltonian or dissipative [Brand & Deissler, 1989] . It is well known there exist two types of solitons: bright, which are localized structures, and dark corresponding to holes in the amplitude or envelope function. The latter are characterized by a localized dip in the amplitude on a plane-wave background.
Nozaki and Bekki (NB) discovered dark solitary waves in the supercritical (cubic) complex Ginzburg-Landau equation, which can be considered as a generalization of the NLSE including terms accounting for gain and losses [Nozaki & Bekki, 1984] . Stable NB holes do exist in a very narrow parametric region but they are structurally unstable. They disappear after the addition of small quintic terms. This one-parameter family of traveling holes has been observed in an experimental study of hydrothermal nonlinear waves occurring in a laterally heated fluid layer [Burguete et al., 1999] . Recently higher-order nonlinear (quintic) terms have been introduced, modeling the dynamics of a fiber ring laser [Komarov et al., 2005] . The resulting equation is referred to as the cubic-quintic complex Ginzburg-Landau equation (CGLE):
This equation arises generically as an envelope equation for a weakly inverted instability against traveling waves [Aranson & Kramer, 2002] . The cubic-quintic CGLE admits as stable solutions stationary pulses [Thual & Fauve, 1988; van Saarloos & Hohenberg, 1990] , moving pulses [Afanasjev et al., 1996] , breathing and chaotic pulses [Deissler & Brand, 1994] , and five types of holes: nonmoving π holes, nonmoving 2π holes [Sakaguchi, 1991] , moving π holes (moving to the left or to the right), breathing moving holes (moving to the left or to the right), and breathing nonmoving holes [Descalzi & Brand, 2005; . The complex field A(x, t) can be written as R(x, t)e iϕ(x,t) . For π hole we understand a solution with a phase jump by π at the defect location, where the modulus R(x) vanishes. For 2π holes the modulus R(x) does not touch zero around the center of the hole, so there is no phase jump. In addition, the above two holes have a hump (localized region of higher amplitude) associated to the deepest part of the hole, which acts as a source of traveling waves while the deepest part behaves as a sink of traveling waves. The aim of this article is to study the dynamics of localized perturbations around these sinks and sources, in particular, the group velocity of the wave packet at small and long times. The analysis of this article is valid for the two above mentioned stationary localized structures.
Sources and Sinks of Traveling Waves
Stationary π and 2π holes have a modulus R(x) and a wave vector ϕ x (x) which do not depend on time.
In Fig. 1 we show the real part, the modulus, the wave vector and the phase for a stationary π hole with periodic boundary conditions at a fixed time. For our numerical simulations we use fourth Fig. 1(a) we observe that the stationary π hole has a defect (R(x) = 0) which acts as a sink of traveling waves (TW) and a hump which is sending traveling waves (source of TW). Outside of the cores of the hump and the defect the wave vector is almost constant and vanishes at the hump location [see Fig. 1(b) ] and the phase experiments a phase jump by π where the modulus R(x) vanishes [see Fig. 1(c) ]. Therefore outside of the cores of the hump and the defect we can approximate the π hole by a TW:
A(x, t) = A 0 exp i(kx + ωt + ϕ 0 ),
In Fig. 1 the wave vector k is negative in the interval where the TW is moving to the right and positive when moving to the left. Now we consider a small perturbation to the π hole. In our approximation the perturbed solution reads:
where a(x, t) is complex and small compared to A 0 . Notice that stationary π and 2π holes are rather delicate objects so big perturbations can lead to homogeneous solutions. Replacing expression (3) in (1), and keeping only linear terms in a(x, t) and a(x, t), we obtain:
Now we try expansions in terms of Fourier modes:
where a(x, t) is the complex conjugate of a(x, t), so that a 2 (ξ, t) = a 1 (−ξ, t). Using the above expansions and from Eq.(4) we obtain a system of coupled autonomous ordinary differential equations:
where we have used the definitions: 
Thus, a(x, t) can be solved as
where λ i = Λ i + iΩ i (i = 1, 2) are the eigenvalues of the matrix J.
Sources and Sinks of Small Perturbations
After expression (3) the perturbation to the hole reads: a(x, t) exp i(kx + ωt + ϕ 0 ). In Fig. 2 we show space-time plots for the real part of a perturbation. In Fig. 2(a) we can see the evolution of a perturbation near the sink of TW for a small scale of time (t < 50). Localized perturbations do not have a well defined group velocity for small times but the speed is bounded from below. As perturbations develop (t > 100) a well defined group velocity becomes clear [see Fig. 2(b) ]. Perturbations propagate in a direction opposite to the TW. Thus sources of TW become sinks of perturbations and sinks of TW become sources of perturbations. To understand the above mentioned behaviors we study the expression (7) for a(x, t). Rephrasing Eckart [1948] , it should be noted that x and t are constant during the integration in ξ. As ξ varies, the exponential factor will oscillate. For large values of t the oscillation is so fast that the integral cancels out almost everywhere in space-time. So a(x, t) is going to be different from zero only at the regions of space-time where the phase (for some branch i) is stationary along the integration around certain wavenumber ξ 0 (x, t):
In Fig. 3(a) we plot the two branches of the real parts of the eigenvalues of the matrix J(ξ) for the π hole shown in Fig. 1 . We have considered perturbations to the TW moving to the left. The results for TW moving to the right are analogous. From Fig. 1(b) we can see that k = −0.259, and from (2) we can obtain A 0 = 0.857 and ω = 0.234. Fig. 3(a) we observe that the most relevant branch is Λ 1 (ξ) because it is close to zero around ξ = 0. In fact, the right-moving wave packet corresponding to the branch Λ 2 (ξ) is not visible in the plot shown in Fig. 2(a) . From Fig. 3(b) we see that |v g1 (ξ)| is bounded from below by a value close to 0.21 which is in good agreement with our numerical simulations of the evolution of a perturbation for a small scale of time (compare with the slope of the straight line in Fig. 2(a) ). Moreover |v g1 (0)| = 0.41, which corresponds to the value of the group velocity of the wave packet as perturbations develop (t > 100) (compare with the slopes of the straight lines in Fig. 2(b) ).
Conclusions
Holes in the cubic-quintic complex GinzburgLandau equation are stable and exhibit a localized hump and a localized dip (not necessarily zero amplitude) simultaneously. The hump acts as a source of TW while the dip behaves as a sink of TW. Exploiting this fact we have studied the dynamics of perturbations around these sources (or sinks) of TW from an analytical point of view. Perturbations generically propagate in a direction opposite to the TW. Thus a sink of TW is a source of perturbations and vice versa. For small values of time we predict there is a lower bound for the group velocity. For large values of time we predict the asymptotic value of the group velocity of the wave packet. Both predictions are in good agreement with direct numerical simulations.
